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Abstract
We analyse the flat behaviour of the rotational curves in some
galaxies in the framework of a dilatonic, current-carrying string. We
determine the expression of the tangential velocity of test objects fol-
lowing a stable circular equatorial orbit in this spacetime.
1 Introduction:
The measurements of rotation curves in some galaxies show that the copla-
nar orbital motion of gas in the outer parts of the galaxies keeps a constant
velocity up to several luminous radii [1, 2, 3, 4]. The most accepted explana-
tion for this effect is that there exists a spherical halo of dark matter which
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surrounds the galaxy and account for the missing mass needed to produce
the flat behavior of the rotational curves.
In this work, we would like to analyse this effect in the framework of a
dilatonic, current-carrying cosmic string. In a number of papers [5-11], a
current has been included in the internal structure of the cosmic string. The
most noticeable consequence of a current-like effect is to modify the internal
dynamics of cosmic strings in such a way that new states are reachable.
Indeed, the breaking of the Lorentz boost invariance along the worldsheet
allows rotating equilibrium configurations, called vortons, which, if they are
stable, can overclose the universe, thereby leading to a catastrophe for the
theory that predicts them [12]. Finally, inclusion of such an internal structure
could drastically change the predictions of a cosmic string model [13] in the
microwave background anisotropies [14]. In [15], it is shown that the long-
range effect on a cosmologically relevant network of strings is vanishing on
average, but that vorton-like states can be reached by microscopically small
loops. Here, we would like address ourselves to a well-posed problem at the
galactic scale.
In what follows, after having set the relevant gravitational theory and
notations, we derive the geometry of an electrically charged cosmic string in
the dilatonic theory of gravity in Sec. 2. Then, in the Sec. 3, we compute
the tangential velocity for test particles imposing that its magnitude is in-
dependent of the radius. In doing this, we find a constraint equation for the
metric coefficients of the dilatonic cosmic string. Unfortunately, as we will
see later, we also find that the tangential velocity cannot be explained by
a single string of the kind proposed in our model. Instead, in order to be
compatible with the observed magnitude, one must have a bundle of N ∼ 105
strings seeding a galaxy. With such a density, a cosmic string network would
be dominating the universe, and its dynamics would be completely different.
Section 4 summarizes our findings and discusses the relevant conclusions.
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2 Exterior Solution for a Timelike Current-
Carrying String:
2.1 The Model:
In this section we will mainly review the obtention of the gravitational field
generated by a string carrying a current of timelike-type as presented in the
Refs. [10].
We will concentrate our attention to superconducting vortex configura-
tions which arise from the spontaneous breaking of the symmetry U(1) ×
Uem(1). Therefore, the action for the matter fields will be composed by two
pairs of coupled complex scalar and gauge fields (ϕ,Bµ) and (σ,Aµ). Also,
for technical purposes, it is preferable to work in the so-called Einstein (or
conformal) frame, in which the scalar and tensor degrees of freedom do not
mix:
S = 1
16piG∗
∫
d4x
√−g[R− 2∂µφ∂µφ]
+
∫
d4x
√−g[−1
2
Ω2(φ)((Dµϕ)
∗Dµϕ+ (Dµσ)
∗Dµσ)
− 1
16pi
(FµνF
µν +HµνH
µν)− Ω2(φ)V (|ϕ|, |σ|)], (1)
where Fµν = ∂µAν−∂νAµ , Hµν = ∂µBν−∂νBµ and the potential is suitably
chosen in order that the pair (ϕ,Bµ) breaks one symmetry U(1) in vacuum
(giving rise to the vortex configuration) and the second pair (σ,Aµ) breaks the
symmetry Uem(1) in the core of the vortex (giving rise to the superconducting
properties): V (|ϕ|, |σ|) = λϕ
8
(|ϕ|2− η2)2+ f(|ϕ|2− η2)|σ|2+ λσ
4
|σ|4+ m2σ
2
|σ|2 .
In what follows, we will write the general static metric with cylindrical
symmetry corresponding to the electric case in the form
ds2 = −e2ψdt2 + e2(γ−ψ)(dr2 + dz2) + β2e−2ψdθ2 (2)
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where ψ, γ, β are functions of r only.
In order to solve the equations we will divide the space in two regions: the
exterior region, r ≥ r0, in which only the electric component of the Maxwell
tensor contributes to the energy-momentum tensor and the internal region,
0 ≤ r < r0, where all matter fields survive. r0 is the string thickness.
2.2 Form of the Line Element for the Exterior Region:
Due to the specific properties of the Maxwell tensor
T µµ = 0 and T
α
ν T
µ
α =
1
4
(T αβTαβ)δ
µ
ν (3)
we can find the metric through some algebraic relations called Rainich algebra
[16, 17], which, for the electric case, have the form1:
Rtt = −Rθθ Rtt = Rrr − 2grrφ′2 Rθθ = Rzz .
Therefore, the exterior metric for a timelike current-carrying string is:
ds2E =
(
r
r0
)2m2−2n
W 2(r)(dr2 + dz2)
+
(
r
r0
)−2n
W 2(r)B2r2dθ2
−
(
r
r0
)2n
1
W 2(r)
dt2 (4)
where
W (r) ≡
(
r
r0
)2n
+ k
1 + k
. (5)
The constants m,n, k, B will be determined after the inclusion of the matter
fields.
1In the scalar-tensor theories, these relations are modified by a term which depend on
the dilaton [9, 10].
4
3 Stable Circular Geodesics Around the Cos-
mic String:
In this section we will derive the geodesic equations in the equatorial plane
(z˙ = 0), where dot stands for “derivative with respect to the proper time τ”.
First of all, let us re-write metric (4) in a more compact way:
ds2 = A(r)[dr2 + dz2] +B(r)dθ2 − C(r)dt2 , (6)
with
A(r) =
(
r
r0
)2m2−2n
W 2(r) ,
B(r) =
(
r
r0
)−2n
W 2(r)β2(r) ,
C(r) =
(
r
r0
)2n
W−2(r) .
The Lagrangian for a test particle moving on this spacetime is given by:
2L = A(r)[r˙2 + z˙2] +B(r)θ˙2 − C(r)t˙2 (7)
and the associated canonical momenta, pα =
∂L
∂x˙α
, are:
pt = −E = −C(r)t˙ ,
pθ = L = B(r)θ˙ ,
pr = A(r)r˙ ,
pz = A(r)z˙ . (8)
Because of the symmetries of this particular spacetime, the quantities E and
L are constants for each geodesic and, because this spacetime is static, the
Hamiltonian, H = pαx˙α −L, is also a constant. Combining this information
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with the restriction of a motion in an equatorial plane, we arrive to the
following equation for the radial geodesic:
r˙2 − A−1[Et˙− Lθ˙ − 1] = 0 . (9)
In this work, we will concentrate on stable circular motion. Therefore,
we have to satisfy three conditions simultaneously. Namely:
• r˙ = 0 ;
• ∂V (r)
∂r
= 0, where V (r) = −A−1[Et˙− Lθ˙ − 1] ;
• ∂2V (r)
∂r2
|ext> 0, in order to have a minimum .
Consequently, we have:
Et˙− Lθ˙ − 1 = 0
∂
∂r
{
A−1[Et˙− Lθ˙ − 1]
}
= 0 . (10)
Expressing t˙ and θ˙ in terms of the constant quantities E and L, respectively,
we can get their expressions 2:
E = C
√
B′
B′C −BC ′ ,
L = B
√
C ′
B′C − BC ′ . (11)
where prime means “derivative with respect to the coordinate r”.
Recalling that the angular velocity of a test particle moving in a circular
motion in an orbital plane is Ω = dθ
dt
= θ˙
t˙
, we have:
Ω =
√
C ′
B′
. (12)
2It is remarkable that our conclusions are independent on the metric coefficient A.
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We are now in a position to compute the tangential velocity of the moving
particles in a circular orbit in the equatorial plane. From now on, we will
follow the prescription established by Chandrasekhar in [18]. Let us re-
express the metric (6) in terms of the proper time τ , as dτ 2 = −ds2:
dτ 2 = C(r)dt2
{
1− A
C
[(
dr
dt
)2
+
(
dz
dt
)2]
− B
C
(
dθ
dt
)2}
, (13)
and comparing with the expression 1 = C(r)(u0)2[1−v2] , where u0 = dt/dτ ,
we can easily obtain the spatial velocity v2:
v2 = (v(r))2 + (v(z))2 + (v(θ))2 , (14)
from which we can obtain all the components of the spatial velocities. How-
ever, we are particularly interested in the tangential component v(θ):
v(θ) =
√
B
C
(
dθ
dt
)
=
√
B
C
Ω . (15)
In order to have stable circular orbits, the tangential velocity v(θ) must be
constant at different radii at the equatorial plane. Therefore, we can impose:
v(θ) =
√
BC ′
B′C
= v(θ)c = const. (16)
At this point we would like to notice the following theorem [1]:
Theorem: The tangential velocity of circular stable equatorial orbits is
constant iff the coefficient metrics are related as3
C1/2 =
(
r
r0
)l
, (17)
provided l = v
(θ)
c
1+v
(θ)
c
.
3We point out to the reader that, for the sake of clarity, we have changed the notation
with respect to the original paper [1]. The Theorem, of course, is unchangeable.
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This theorem implies that the line element in the equatorial plane must
be4:
ds2 = −
(
r
r0
)2l
dt2 +
(
r
r0
)−2l
[
(
r
r0
)2m2
dr2 +B2r2dθ2] . (18)
This form clearly is not asymptotically flat and neither describes a spacetime
corresponding to a central black hole. Therefore, we can infer that it describes
solely the region where the tangential velocity of the test particles is constant,
being probably joined in the interior and exterior regions with other metrics,
suitably chosen in order to ensure regularity in the asymptotic limits.
Let us notice, however, that this metric has the form which has been
found in [10], after identifying l with the appropriate constant parameters
which depend on the microscopic details of the model. The calculations
are straightforward but lengthy. We will skip here the details and provide
directly the results. For the details of these calculations, we refer the reader
to Refs. [10]. For this particular configuration, consisting of an electrically
charged dilatonic string, we have:
l = 2G0α(φ0)[U + T + I
2] , (19)
where U, T and I2 are the energy per unit length, the tension per unit length
and the current of the string, respectively. α(φ0) measures the coupling of
the dilaton to the matter fields. For cosmic strings formed at GUT scales,
G0[U+T +I
2] ∼ 3×10−6, and for a coupling α(φ0) which is compatible with
present experimental data [19], α(φ0) < 10
−3, the parameter l (and, thus, the
tangential velocity v
(θ)
c ) seems to be too small. The observed magnitude of
the tangential velocity [2, 3, 4] being v
(θ)
c > 3×10−4 cannot be explained by a
single dilatonic current-carrying string in this case. As argued by Lee in the
Ref. [20], if a bundle of N cosmic strings formed at GUT scales seeded one
galaxy, then the total magnitude of the tangential velocity would be Nv
(θ)
c .
4Here, again, we have adapted the notation for the sake of clarity.
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In our case, to be compatible with the astronomical observations, one must
have a bundle of N ∼ 105 strings seeding a galaxy. With such a density, a
cosmic string network would be dominating the universe, and its dynamics
would be completely different. The only situation where such a high number
of strings could be possible is at much lower energy scales (electroweak scale,
say) but then of course the energy scale is far too low to have any relevance
for structure formation.
If, on the other hand, one supposes that one single string could explain
the observed values of the tangential velocity, one should therefore impose
that such a string is formed at Planck scales, which at the moment seems
not quite realistic conclusion as well.
4 Conclusions:
The measurements of rotation curves in galaxies show that the coplanar
orbital motion of gas in the outer parts of the galaxies keeps a constant
velocity up to several luminous radii. The most accepted explanation for this
effect is that there exists a spherical halo of dark matter which surrounds the
galaxy and account for the missing mass needed to produce the flat behavior
of the rotational curves.
In the Ref. [1], it has been shown that in a static, axially symmetric
spacetime, a sufficient and necessary condition in order to have a flat behavior
for the rotational curves in galaxies is that the metric assumes the form (18).
This form clearly is not asymptotically flat and neither describes a spacetime
corresponding to a central black hole. Therefore, we can infer that it describes
solely the region where the tangential velocity of the test particles is constant,
being probably joined in the interior and exterior regions with other metrics,
suitably chosen in order to ensure regularity in the asymptotic limits.
In previous papers [10], we have found a metric corresponding to the
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spacetime generated by an electrically charged dilatonic string which pos-
sesses the form (18), with appropriate parameters which are related to the
microscopic details of the model (19). The observed magnitude of the tan-
gential velocity cannot be explained by a single dilatonic current-carrying
string in this case. However, if we consider that a bundle of N cosmic strings
formed at GUT scales seeded one galaxy, then the total magnitude of the
tangential velocity would be Nv
(θ)
c . In our case, to be compatible with the
astronomical observations, one must have a bundle of N ∼ 105 strings seed-
ing one galaxy! The only situation where such a high number of strings could
be possible is at much lower energy scales (electroweak scale, say) but then
the energy scale is far too low to have any relevance for structure formation.
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